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* Last time, we covered some * Today, we’ll work on more details
surface details about the under the hood when it comes to
computational process of Bayesian computation
Analysis and looked at simple * We will also look at detailed examples

examples in R, SAS, and SPSS in R nd SAS

— " g B i Al
. |
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Bayes’ Theorem

* Updates probabilities (degrees of belief)
after obtaining new data ..I|‘I|I- _________
* Probability of A occurring given that B has Likelihood Data Prior
occurred is equal to the probability that they *
have both occurred, relative to the \/, /
probability that B has occurred _ﬁ//\\
Bayes Theorem: Bayes' Theorem
_ P(datalhyp) x P(hyp)
P(hypldata) = P(data) +
Bayes Theorem: /\

P(A|B) = A ) X Posterior Distribution

P(B)
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Items needed for analysis Concept lllustration [1]
*|Priors TR
.|Model ~ Parameters m
* Data B ()
Steps for analysis (JAGS) @}sz
* Define (Model + Priors) = ,,H
* Compile (Data + Model + Priors) s prior: ©~ (0) Data modet: x — £ (x| @)
e Simulate (Posterior) o 01 n (o1 [:10)7(0)
Posterior simulation details . p— R L

* MCMC burn-in, iterations, thinning, chain number
* Trace plots, autocorrelation lag plots, and PDFs
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Reviewing the Basics 3{_3

[ 2 ] Posterior distribution
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Details BB

Defining Prior
 Summary of what we know of the situation

* May come from expertise in the field or
past experiments/observations

* May be very precise or very vague ] |

* Fundamentally a probability distribution for 507, J /\
a variable/parameter [ZZOZ/ S’ﬂ/a/ = >

* How to get it?

1. Conceptualize it (mean, spread, limits) g 20
Draw it Be/é("/; 4) : ;2‘/\

Determine distribution and parameters 00
Model it in software package ;

00 02 04 06 08 1.0
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Details 2 B

Effects of priors and data on posterior

vague prior + vague data vague prior + strong data strong prior + vague data

\

strong prior + strong data (compliment) | strong prior + strong data (divergent)
Prior

Data

= |/ e

Posterior
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Prior Distribution Examples

Uniform distribution (across all values)

1.00-

| | '
0.00 0.25 0.50
X

1.00

Uniform distribution (across range of values)

20-

' ' '
0.00 025 0.50
X

1.00

Uniform(min=0, max=1)

Uniform(min=0.25, max=0.75)
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Prior Distribution Examples

Normal (Gaussian) distribution for 'standard' prior

100~

0.00-

-10

[=
T

10

Normal (Gaussian) distribution for 'strong' prier

1.00-

0.00-

[=

-10

Normal (Gaussian) distribution for 'weak’ prior

1.00-

>[50
0.25
o /\
-10 -5 0 10
X

Normal(u=0, 0%=1)

Normal(u=0, 02=2)

Normal(u=0, 6%=0.5)
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Details 3.3 B omen

Prior Distribution Examples

Beta distribution

25-

20-

15-

>

0.0-

025 0.50

o -
=

Beta distribution 2: Electric Boogaloo

- !J
0.0

0.00

Beta distribution 3: Distribution harder

0-

0.25

Beta distribution 4: This Time, It's Personal

15-

0.0-

025 0.50

Beta(a=2, B=5)

Beta(a=0.5, f=0.5)

Beta(a=5, f=1)

Beta(a=2, B=2)
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Likelihood Model Beta-binomial X~ Bin(n, p) p ~ Beta(a, b)
¢ AKA generative mOdel Normal-normal Y, ~ N(m, s?) m ~ N(m, s?)
s ~ Unif(min, max)
. Fu-nctlon defln.e.d by parameters and  ——— mSr— ——
a~ N(m, s?)
priors (probability) 2 Nm )
* Model will run using the data and the >~ Uniftmin, max)
. . Multivariate Y; ~ N(m, s?) m, =a + bX.+ cZ,
defined parameters and priors a~N(m, ?)
b~ N(m, s2)
* Specific structure depends on what ¢~ N(m, %)
. s ~ Unif(min, max)
you are dOIng Poisson Y, ~ Pois(l,) log(l,) = a + bX; + cZ,
a~ N(m, s?)
y=mx-+b b~ Nim, &)
c ~ N(m, s2)

y = normal(mu,var = s2)
mu = b0 + bl xx
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Details 5 BB

Compiling and Simulating

~ B roiotted
* Model is passed to be compiled : \__{,;:-\. : 7y
* Includes likelihood and priors jﬁ e 5 7&:.\%_5
e Simulation will produce posterior probability N 3 g
density functions, along with diagnostic [4] et e e e

information -
* MCMC -> Markov Chain Monte Carlo

* Markov Chains -> random walks where each step
depends on previous step

* Explores spaces that can’t be fully computed
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Compiling and Simulating cont.

* Setting MCMC simulation parameters:

200
Ch n1- Lowserll Drrelt N appar tp oblel ms [6] 10

WW*W NWMWMWMWWWWW

* burn-in
e jterations
 chain number

Details 6 BB

15

r l- o - &

0

1000 2000 3000 4000 5000 6000 7000 8000 8000 10000

Ch 2L gbmmP blr'n1

=

WWWWWMWWWWM

-5
0

1000 2000 3000 4000 5000 6000 7000 8000 2000 10000

Chain 3 - thserll - Pr bImZ

05

MW "WM M VU\WW\WH"W

D5

0

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Iteration
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Details 7

Compiling and Simulating cont.

* Diagnostics:
* trace plots

e autocorrelation lag plots

e PDFs and intervals

SAS

betal

-0.50

-0.25

Diagnostics for beta1

0.25
0.00

075 - [ |

Autocorrelation

-1.0 -,

[8]

-0.5

2000

1.0
05 “|
0.0

4000 6000

Iteration

ao0o0 10000

Posterior Density

10 20 30 40 S0 100 075 -050 -025 000 025
Lag betal

UNIVERSITY OF
NORTH DAKOT.
Trace of a Density of a
a2 o
- -
o) o -
© — _
-
— 'q—
'y —]
I‘“h._ —
== o -
T T T 1 T T 1 1
12000 16000 20000 470 480 490

0.0140 0.0160

lterations

Trace of b

12000 16000 20000

lterations

N =10000 Bandwidth = 0.00531

Density of b

(=]

8

]

O o

=

O — - -
I I I I

0.014 0.016

N =10000 Bandwidth = 7.322e-
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Assessment 1 = NORTH DAKOTA.

qualtrics®
NORTHDAKOTA  UND

https://und.qualtrics.com/jfe/form/SV 1QQ9MOt6bMsinnU



https://und.qualtrics.com/jfe/form/SV_1QQ9MOt6bMsinnU
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R, SAS,,,;

Package rjags PROC MCMC

* Probability of single value  Simple linear regression
* Simple linear regression * Mixed-effects model

e Multiple linear regression * Logistic regression

* Poisson regression

R-code available at: https://med.und.edu/daccota/ files/docs/berdc docs/bayesian analysis 3 r code.txt
SAS-code available at: https://med.und.edu/daccota/ files/docs/berdc docs/bayesian analysis 3 sas code.txt



https://med.und.edu/daccota/_files/docs/berdc_docs/bayesian_analysis_3_r_code.txt
https://med.und.edu/daccota/_files/docs/berdc_docs/bayesian_analysis_3_sas_code.txt
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Step-by-step Example 1 § -
Bayesian Analysis in R

General rjags in R Our steps

Analysis using the rjags package proceeds in steps:

1. Define the model using the BUGS language in a separate
file.

2. Read in the model file using the jags.model function. This
creates an object of class “jags”.

3. Update the model using the update method for “jags”
objects. This constitutes a ‘burn-in’ period.

4. Extract samples from the model object using the

coda.samples function. This creates an object of class

“mcmc.list” which can be used to summarize the posterior

distribution. The coda package also provides convergence

diagnostics to check that the output is valid for analysis (see

Plummer et al 2006).

1. View priors

2. View data

3. Define model
4. Compile model

5. Simulate posterior

6. Plot results
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Probability of single value: What are chances of winning a vote?

#VIEW prior: think you fall under 50 percent of vote
ggplot(data = tibble(x = 0:1), aes(x)) +
stat_function(fun = dbeta, n = 1000, args = list(shape1=45,
shape2=55),
geom='area’, colour='black’, fill="red") 5

#VIEW data: small poll (data) found 6/10 would vote for you
#N/A >4-

#DEFINE model
vote_model <-"model{

#Likelihood model for X

X ~dbin(p, n)

#Prior model for p

p ~dbeta(a, b) .

i i i i
}ll 0.00 0.25 0.50 0.75
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Iterations = 11001:21000

PrObabiIity Of Single value Cont. Thinning interval = 1

Number of chains = 1
Sample size per chain = 10000

#COMPILE model

vote jags <- jags.model(textConnection(vote_model),
data =list(a=45, b=55, X=6, n=10),
.. . " . St Mean SD Naive SE Time-series SE
inits =list(.RNG.name="base::Wichmann-Hill", 0.4631767 0.0473438 0.0004734  0.0006326

.RNG.seed=100))

1. Empirical mean and standard deviation for each variable,
plus standard error of the mean:

2. Quantiles for each variable:

. 2.5% 25% 50% 75% 97.5%
#SIMULATE posterior 0.3703 0.4313 0.4630 0.4949 0.5559

vote_sim <- coda.samples(model=vote_jags,
variable.names=c("p"), n.iter=10000)

Trace of p Density of p

#PLOT results
summary(vote_sim) 2 -
plot(vote_sim)

04

03
1

T T T T T T T T T
12000 14000 16000 18000 20000 03 0.4 05 06 0.7

lterations N =10000 Bandwidth = 0.007954
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NORTH DAKOTA.

Probability of single value update

#RETREAD USING UPDATED DATA
#new prior
ggplot(data = tibble(x = 0:1), aes(x)) +
stat_function(fun = dnorm, n = 1000, args = list(mean=0.463, sd=0.048),
geom='area’, colour='black’, fill='red')

vote_model 2 <-"model{
#Likelihood model for X
X ~ dbin(p, n)

#Prior models for p

p ~ dnorm(0.463, 0.048)

}
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O-01
°i e Iterations = 1001:11000
Probability of single value update cont.  riciena-:
Number of chains =1
#updated data -> now 688 out of 1000 people said they'd vote for you sample size per chain = 10000
VOte_jagS_z <- jagS.mOdEI(textConnection(vote_modeI_Z), 1. Empirical mean and standard deviation for each variable,
data =|ISt(X=688 n=1000) plus standard error of the mean:
TAl —; _n . H HILL - Mean SD Naive SE Time-series SE
inits =list(.RNG.name="base::Wichmann-Hill", .RNG.seed=100)) 06570a97 00146836 0000 | 000163
vote_sim_2 <- coda.samples(model=vote_jags_2,  Quantiles for each variable:
i —("R" tor— 2.5% 25% 50% 75% 97.5%
varlable.names—c( P )’ n.|ter—10000) 0.6581 0.6775 0.6874 0.6976 0.7155
HPLOT results Trace of p Density of p Density of p

1
8
I

summary(vote_sim_2)
plot(vote_sim_2)

1

064 066 068 070 072 074

o o —e—ar — o — S,

T T T T T T T T T T T T T T T T T
2000 4000 6000 8000 10000 062 064 066 068 070 072 074 0.3 0.4 0.5 06 0.7

lterations N =10000 Bandwidth = 0.002467 N =10000 Bandwidth = 0.007954
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Simple Linear Regression: Can weight be modeled as a function of height?

H#VIEW priors: a (intercept), b (slope), & s (standard deviation)

a <- rnorm(n=10000, mean=0, sd=200) RE)
b <- rnorm(n=10000, mean=1, sd=0.5) a b s
: . 1-318.84317 1.2387111 13.981697
s <- runif(n=10000, min=0, max=20) 2 99.24168 1.1995112 19.119811
samples <- data.frame('a'=a, 'b'=b, 's'=s) 3-284.48808 0.4500849 1.099107
| ! ! 4 -353.41394 1.2572241 17.689841
head(samples) 5 227.24244 1.1815163 5.972512

6 80.44609 0.5957011 6.890548

ggplot(samples, aes(x=a)) +
geom_density(fill="lightblue")
ggplot(samples, aes(x=b)) +
geom_density(fill="lightgreen") . -
ggplot(samples, aes(x=s)) +
geom_density(fill="lightyellow")
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]
Simple Linear Regression cont.

#VIEW data

data(bdims)

par(mfrow=c(1,1))
plot(x=bdimsShgt, y=bdimsSwgt)

100
1

#DEFINE model
weight_model <-"model{
# Likelihood model for Y[i]
for(i in 1:length(Y)) {
Y[i] ~ dnorm(m[i], s”*(-2))
m[i] <-a + b * X[i]
}

bdims$wat
80

60

40

# Prior models for a, b, s , ] ,
a ~ dnorm(0, 200/(-2)) 150 160 170 180 190 200
b~ dnorm(1, 0.5*(-2))

bdims$h
s~ dunif(0, 20) meshdt
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Simple Linear Regression cont.
HCOMPILE model #SIMULATE posterior
weight_jags <- jags.model(textConnection(weight_model), ~ weight_sim <- coda.samples(model=weight_jags,
data =list(X=bdimsShgt, Y=bdimsSwgt), variable.names=c("a", "b", "s"), n.iter=10000)
inits =list(.RNG.name="base::Wichmann-Hill",  summary(weight_sim) — N
.RNG.seed=100)) plot(weight_sim) |
lterations = 1001:11000 ; T
Thinning interval - 1 i 20IOU dD‘Uﬂ GUIUU 80‘00 1DEIJU0 g ) 1‘20 1I10 1:)0 BID
Number Of Chains = 1 terations - N=1OD-EU Eand\-wd'th=05;9
Sample size per chain = 10000 '
Trace of b Density of b
1. Empirical mean and standard deviation for each variable, ) o
plus standard error of the mean: 5 2
Mean SD Naive SE Time-series SE 8 : “]
a-102.836 5.8274 0.058274 1.147094 2olon w‘nu enluu suloo 1ntlmo 9’0;0 ula‘ IE)D |tln=~ 120
b 1.0050.0340 0.000340  0.006693 - I
s 9.3250.3013 0.003013  0.003870
Trace of s Density of s
2. Quantiles for each variable: 2 1 o]
25% 25% 50% 75% 97.5% 27 =]
a-114.3834 -106.8077 -102.399 -98.904 -91.583 o | : 1 -
b 0.9396 0.9821 1.002 1.028 1.072 2olon 4n‘uu enlou suloo 1n;no ) s.‘s 9.‘0 9.‘5 1ol.o 1ol.5
s 8.7608 9.1185 9.317 9.518 9.940 Kerations N=10000 Bandwidth = 0.05007
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Simple Linear Regression update
#more iterations
weight_sim2 <- coda.samples(model=weight_jags, Trace of a Density of a
variable.names=c("a", "b", "s"), n.iter=50000) F - 5 -
summary(weight_sim2) - ~ ]
pIOt(Welght—Slmz) 710&00 | 3D$0[} | SUE;UO | ° -TTBO | -1|10 | -E;D
lterations = 11001:61000 lterations N =50000 Bandwidth = 0.9084

Thinning interval = 1

Number of chains = 1 Trace of b Density of b
Sample size per chain = 50000

1. Empirical mean and standard deviation for each variable,
plus standard error of the mean:

4
| T

080 110

T T T T T T T T T T T T

) ) ] 10000 30000 50000 0.90 1.00 1.10
Mean SD Naive SE Time-series SE

a-104.969 7.46044 0.0333641  0.846349 fterations N=50000 Bandwidih = 0.0053
b 1.0170.043520.0001946  0.004915
s 9.3340.294820.0013185  0.001718

Trace of s Density of s
2. Quantiles for each variable: o - -
2 3 2 3
2.5% 25% 50% 75% 97.5% o o 3 A
a-119.7142 -110.0296 -104.684 -99.623 -91.375 10LI}00 | 3c|c|l00 | E-UlI}UU | ) B.IE- 9.I0 9.I5 | 1u|.5

b 09378 0.9862 1.016 1.047 1.104
s 87816 9.1302 9.327 9.529 9.935 terations N=50000 Bandwidth = 0.0359
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Simple Linear Regression update 2

#more chains
weight_jags2 <- jags.model(textConnection(weight_model),
data =list(X=bdimsShgt, Y=bdimsSwgt),
inits =list(.RNG.name="base::Wichmann-Hill", .RNG.seed=100),
n.chains=4)

weight_sim3 <- coda.samples(model=weight_jags2,
variable.names=c("a", "b", "s"), n.iter=10000)

summary(weight_sim3)

traceplot(weight_sim3, mfrow =c(2, 2), ask = F)

Step-by-step Example 1.2 3~

Iterations = 1001:11000
Thinning interval = 1

Number of chains = 4

Sample size per chain = 10000

1. Empirical mean and standard deviation for each variable,
plus standard error of the mean:

Mean SD Naive SE Time-series SE
a-102.836 5.8272 0.029136 0.573547
b 1.0050.03400.000170 0.003346
s 9.3250.3012 0.001506 0.001935

2. Quantiles for each variable:

25% 25% 50% 75% 97.5%
a-114.3834 -106.8077 -102.399 -98.904 -91.583
b 0.9396 0.9821 1.002 1.028 1.072
s 8.7608 9.1185 9.317 9.518 9.940

Trace of a Trace of b

1.10

-100 -85 -90 -85

-110
L
——
———
i_' —
1.05

095 1.00

120

T T T T T T T T T
2000 4000 6000 8000 10000 2000 4000 6000 8000 10000

lterations lterations

Trace of s

T T T T T
2000 4000 6000 8000 10000

lterations
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Simple Linear Regression cont.
#PLOT results o .
ggplot(data=bdims, aes(x=hgt, y=wgt))+ .
geom_point() + | . P
geom_abline(intercept=-102.836, slope=1.005, color="red',) + 100- SR .
geom_abline(intercept=-91.583, slope=1.072, color="red’, Ity=2) + B e
geom_abline(intercept=-114.3834,slope=0.9396, color="red', lty=2) T ';;..;:.- g =;/,v" )
— .;: I H ...:;.E.l ...;/;/:,/E-: .
= s A B AR
. . -'.:..‘ l.s. #’:/"l'.u «s "
- » :".-.t .a -,;’:f iU
. » '.0!5{:{...];.. l.'.'-
L ;::,u‘{;if:’.;' !
Lol e .:: 2> ..to «* . :
R | /E?E P S
A
40-/ . : . ) i .
150 160 170 hgt 180
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Multiple Regression: Can we model volume by temperature and weekday?

#VIEW priors: a (weekend intercept), b (contrast b/t weekday/weekend
intercepts), c (common slope) & s (residual standard deviation)
a2 <- rnorm(n=10000, mean=0, sd=200)

b2 <- rnorm(n=10000, mean=0, sd=200) oo
c2 <- rnorm(n=10000, mean=0, sd=20) - -
s2 <- runif(n=10000, min=0, max=200)0u )
samples2 <- data.frame('a'=a2, 'b'=b2, 'c'=c2, 's'=s2)
head(samples)

ggplot(samples2, aes(x=a)) + a b s
et " 1-318.84317 1.2387111 13.981697
geom_density(fill="lightblue") 2 99.24168 1.1995112 19.119811
ggplot(samples2, aes(x=b)) + 3-284.48808 0.4500849 1.099107
RS , 4 -353.41394 1.2572241 17.689841
geom_density(fill="lightgreen") 5 227.242441.1815163 5972512 |5 .-

ggplot(samp|e52’ aeS(X=C)) + 6 80.44609 0.5957011 6.890548 #

geom_density(fill="lightgrey")
ggplot(samples2, aes(x=s)) +
geom_density(fill="lightyellow")
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Multiple Regression cont.

hightemp lowtemp avgtemp spring summer fall cloudcover precip volume weekday dayType

HVIEW data 1 83 50 66.5 0 1 0 7.6 0.00 501  TRUE weekday
. " . 2 73 49 610 0 1 0 63 029 419  TRUE weekday
Ilbrary( mosaic") 3 74 52 63.0 1 0 O 75 032 397  TRUE weekday
H : 4 95 61 78.0 0 1 0 2.6 0.00 385 FALSE weekend
data(RallTrall) 5 44 52 48.0 1 0 0 10.0 0.14 200 TRUE weekday
head(RailTrail) 6 69 54 615 1 0 0 66 002 375 TRUE weekday
RailTrail <- RailTrail %>% mutate(weekday=as.factor(weekday))
class(RailTrailSweekday)
600 -
ggplot(data=RailTrail, aes(x=hightemp, y=volume, color=weekday))+
geom_point() + . weekday
E
geom_smooth(method=Im, se=FALSE, fullrange=FALSE) 3 FALSE
> 400 - = TRUE

200-

40 60 80
hightemp
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Multiple Regression cont.

#DEFINE model #COMPILE model
rail_model <- "model{ rail_jags <- jags.model(textConnection(rail_model),
#Likelihood model for Y[i] data =list(Y=RailTrailSvolume, X=RailTrailSweekday,
for(i in 1:length(Y)) { Z=RailTrailShightemp),
Y[i] ~ dnorm(m([i], s*(-2)) inits =list(.RNG.name="base::Wichmann-Hill",
mli] <- a + b[X[i]] + ¢ * Z[i] .RNG.seed=100))
}

#SIMULATE posterior

# Prior models for a, b, ¢, s rail_sim <- coda.samples(model=rail_jags,

a ~ dnorm(0, 2007(-2)) variable.names=c("a", "b", "c", "s"), n.iter=10000)
b[1] <-0 summary(rail_sim)

b[2] ~ dnorm(0, 200"(-2)) plot(rail_sim)

¢~ dnorm(0, 207(-2)) rail_chains <-data.frame(rail_sim[[1]])

s ~ dunif(0, 200)
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Multiple R i t
uitipie negression cont.

Iterations = 1001:11000 Trace of a Density of a Trace of ¢ Density of c
Thinning interval = 1 o | § Ny @ o -
Sample size per chain = 10000 8 g3 ] = a ]

9 T T T T T g | T T | T T T T T T T (=} T T T T

2000 6000 10000 -200 0 100 300 2000 6000 10000 2 4 6 8
1. Empirical mean and standard deviation for each variable,
plus standard error of the mean: terations N =10000 Bandwidth = 10.46 terations N =10000 Bandwidth = 0.1352
Mean  SD Naive SE Time-series SE Trace of b[1] Density of b[1] Trace of s Density of s
a 37.3662.2583 0.622583 4.79380 . | .
b[1] 0.00 0.0000 0.000000 0.00000 e ] i 8 3 27
b[2]-50.07 23.8714 0.238714 0.66501 o ] Z o3 g E »
¢ 5.41 0.8162 0.008162 0.06194 w reror T b o . rero T s ' e
s 103.42 7.9216 0.079216 0.11666 2000 6000 10000 06 02 00 02 04 2000 6000 10000 80 100 120 140
Rerations Rerations N=10000 Bandwidth =1.315

2. Quantiles for each variable:

T f b Density of b[2
2.5% 25% 50% 75% 97.5% race of b2 eneity of bl

a -82.553 -4.292 35.624 79.271 159.659 =
b[1] 0.000 0.000 0.000 0.000 0.000 -
b[2] -96.407 -65.939 -50.294 -33.910 -2.939

c 3.796 4.869 5.422 5.955 6.966 2000 6000 10000 -150 -100 50 0 50
S 89.510 97.935 102.900 108.427 120.719 kerations N=10000 Bandwidth =4.01

0000 0015
L1 |

-150
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Multiple Regression cont.

#PLOT results
ggplot(RailTrail, aes(y = volume, x = hightemp, color =
weekday)) +
geom_point() +
geom_abline(intercept = mean(rail_chainsS$a),
slope = mean(rail_chainsSc), color = "red") +
geom_abline(intercept = mean(rail_chainsSa) +
mean(rail_chainsS$Sb.2.),
slope = mean(rail_chainsSc), color = "turquoise3")

Step-by-step Example 1.3 %~

UNIVERSITY OF
NORTH DAKOT.
600 -
.'-'-F-.d--
- L] -~
- ~ ___,,r"
L] .-"'f
'-______...a-""-
. L]
o . o f,.x-”"f weekday
E . - _'__.-"" &
2 . seie FALSE
- - . :
= 400 - P_.’____, . "'. - * TRUE
& ee =
.« _ATe
8 = -
— - .
T *
- . . L N
- - 1
>y
T * . . .
é B s
20079 *
. L . .
- L] [ ] L]
40 60 80

hightemp
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Poisson Regression: Can we predict volume (as count) by temp. {and weekday}?

#VIEW priors: a (weekend intercept), b (contrast b/t weekday/weekend intercepts),
¢ (common slope) & s (residual standard deviation)

a3 <- rnorm(n=10000, mean=0, sd=200)
b2 <- rnorm(n=10000, mean=0, sd=200)
c2 <- rnorm(n=10000, mean=0, sd=20)
s2 <- runif(n=10000, min=0, max=200) Fooo- Fown-
samples2 <- data.frame('a'=a2, 'b'=b2, 'c'=c2, 's'=s2)
head(samples)

ggplot(samples2, aes(x=a)) + "
. . . a b S
geom_density(fill="lightblue") 1-318.84317 1.2387111 13.981697
ggplot(samples2, aes(x=b)) + 2 99.24168 1.1995112 19.119811
_ S . 3-284.48808 0.4500849 1.099107
geom_density(fill="lightgreen") 4-353.41394 1.2572241 17.689841
5 227.24244 1.1815163 5.972512 |- oo
ggplot(samples2, aes(x=c)) + 6 80.44609 0.5957011 6.890548 | & :

geom_density(fill="lightgrey")
ggplot(samples2, aes(x=s)) +
geom_density(fill="lightyellow")
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Poisson Regression cont.

#VIEW data

ggplot(data=RailTrail, aes(x=hightemp, y=volume))+
geom_point()

ggplot(data=RailTrail, aes(x=hightemp, y=volume,

Step-by-step Example 1.4 3~

color=weekday))+
geom_point()

600 -

volume

40 60

hightemp

[
60

hightemp

80

weekday

FALSE
* TRUE
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Poisson Regression cont.

#DEFINE model
poisson_model <- "model{
# Likelihood model for Y[i]
for(i in 1:length(Y)) {
Y[i] ~ dpois(I[i])
log(I[i]) <-a + b * X[i]
}
# Prior models fora, b
a ~ dnorm(0, 2007(-2))
b ~ dnorm(0, 2/(-2))
g

#COMPILE model
poisson_jags <- jags.model(textConnection(poisson_model),
data = list(Y = RailTrailSvolume, X = RailTrailShightemp),
inits = list(.RNG.name = "base::Wichmann-Hill", .RNG.seed = 100))




DaCCoTA

DAKOTA CANCER COLLABORATIVE
ON TRANSLATIONAL ACTIVITY

Step-by-step Example 1.4 3~

Poisson Regression cont.

#SIMULATE posterior

poisson_sim <- coda.samples(model = poisson_jags,
variable.names = c("a", "b"), n.iter = 10000)

summary(poisson_sim)

plot(poisson_sim)

poisson_chains <- data.frame(poisson_sim[[1]])

#PLOT results
ggplot(RailTrail, aes(y = volume, x = hightemp)) +
geom_point() +
stat_function(fun = function(x){exp(mean(poisson_chainsSa) +
mean(poisson_chainsSb) * x)},
color = "red")

Iterations = 11001:21000 Trace of a Density of a .
Thinning interval = 1
Number of chains = 1 2 4 < .
Sample size per chain = 10000 g ] . ' T
1. Empirical mean and standard deviation for each variable, o ——— o - e | . L _//"/
p|US standard error of the mean: 12000 16000 20000 470 4380 4.90 0 }/_/"/
Iterations N = 10000 Bandwidth = 0.00531 § . 0 .,,,// T C
Mean SD Naive SE Time-series SE S 400- L e tet .
a4.86161 0.0322411 3.224e-04  3.182e-03 . ‘ - oo ’ o 0 : . *
b 0.01521 0.0004439 4.439¢-06  4.441e-05 Trace ofb Density of b - ST .
N o - o = . -
2. Quantiles for each variable: E i = ,,f/"/ e .
o s : 200 . *, . R
2.5% 25% 50% 75% 97.5% Z o 4. _ * ..
S TTTTT (R B B . *

a4.79176 4.8419 4.86327 4.88430 4.91900
b 0.01443 0.0149 0.01519 0.01548 0.01618

12000 16000 20000

lterations

N =10000 Bandwidth = 7.322e-

0.014

0.016

40

IJIJ
hightemp

80
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Poisson Regression update
#add Weekday

#DEFINE model
poisson_model2 <- "model{
# Likelihood model for Y[i]
for(i in 1:length(Y)) {
Y[i] ~ dpois(I[i])
log(I[i]) <- a +b[X[i]] + c*Z]i]
}
# Prior models for a, b, c, s
a ~ dnorm(0, 2007(-2))
b[1] <-0
b[2] ~ dnorm(0, 2/(-2))
c ~ dnorm(0, 2/(-2))
g

Step-by-step Example 1.4 3~

#COMPILE model
poisson_jags2 <- jags.model(textConnection(poisson_model2),
data = list(Y = RailTrailSvolume, X = RailTrailSweekday,
Z = RailTrailShightemp),
inits = list(.RNG.name = "base::Wichmann-Hill", .RNG.seed =
100))

#PLOT results
ggplot(RailTrail, aes(y = volume, x = hightemp, color =
weekday)) +
geom_point() +
stat_function(fun = function(x){exp(mean(poisson_chainsSa) +
mean(poisson_chainsSc) * x)},
color ="red") +
stat_function(fun = function(x){exp(mean(poisson_chainsSa) +
mean(poisson_chainsSb.2.) + mean(poisson_chainsSc) * x)},
color = "turquoise3")
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Poisson Regression update

Iterations = 11001:21000
Thinning interval = 1

Number of chains =1

Sample size per chain = 10000

1. Empirical mean and standard deviation for each variable,
plus standard error of the mean:

Mean SD Naive SE Time-series SE
a 5.01207 0.0300023 3.000e-04 2.742e-03
b[1] 0.00000 0.0000000 0.000e+00  0.000e+00
b[2]-0.12753 0.0114683 1.147e-04 3.368e-04
c 0.01428 0.0003838 3.838e-06  3.392e-05
2. Quantiles for each variable:

25% 25% 50% 75% 97.5%

a 4.95455 4.99251 5.01149 5.03194 5.07355
b[1] 0.00000 0.00000 0.00000 0.00000 0.00000
b[2]-0.14963 -0.13544 -0.12748 -0.11971 -0.10489
c 0.01351 0.01402 0.01428 0.01453 0.01501

Step-by-step Example 1.4 1"

O
L]

volume

600 -

400 -
L _,_,—’/H_—
-

2JD I ™ .

. e ‘ /r
T g
L™ '_ﬁ -
o~ - o~
.f_'/.- »
. ,!’ff X3 .
8 = .
_/-/ : [ T T
60

hightemp

80

weekday

FALSE
TRUE
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Bayesian Analysis in SAS

Procedure for MCMC in SAS Our steps

The following statements can be used with PROC MCMC:

1. Get data
PROC MCMC options ;
ARRAY array specification ; 2. View priors
BEGINCNST/ENDCNST ;
BEGINNODATA/ENDNODATA ; 3. Run analysis
BY variables ;
MODEL statistical model specification ; 4. Plot results

PARMS parameters and starting values ;

PRIOR/HYPERPRIOR prior or hyperprior specification ;
Program statements ;

UDS user defined sampler specification ;
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H<®
Simple Linear Regression: Can we model weight as a function of height? [11]

*Get data; Obs Name  Height Weight
DATA CIass; 1 Alfred 69.0 112.5
. . . 2 Alice 56.5  84.0

mput_ Name S Height Weight @ @; 3 Babaa | 6531 980
datalines; 4 Carol 62.8  102.5

Alfred 69.0112.5 Alice 56.5 84.0 Barbara 65.3 98.0 5 Henry 63.5 102.5

Carol 62.8102.5 Henry 63.5102.5 James 57.3 83.0 6 james 5;-2 22-0

7 Jane 59. .5

Jane 59.8 84.5 Janet 62.5112.5 Jeffrey 62.5 84.0 8 Janct 625 1125

John 59.0 99.5 Joyce 51.3 50.5 Judy 64.3 90.0 9 Jeffrey 625  84.0

Louise 56.3 77.0 Mary 66.5112.0 Philip 72.0150.0 10 John 59.0  99.5

Robert 64.8 128.0 Ronald 67.0133.0 Thomas 57.5 85.0 11 Joyce 513 505

s 12 Judy 64.3  90.0

William 6.5 112.0 13 Louise 56.3 77.0

’ 14 Mary 66.5 112.0

PROC PRINT data=Class; 15 Philip 72.0 150.0
DATA a; 16 Robert 64.8 128.0

17 Ronald 67.0 133.0
18 Thomas 57.5 85.0
19 William 66.5 112.0
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Simple Linear Regression cont.

*\/iew priors; beta beta
PROC MCMC data=a stats=none diag=none nmc=10000
outpost=gout

plots=density seed=1;

parms beta0 0 betal O;

parms sigma2 1;

prior beta0 betal ~ normal(mean =0, var = 1e6);

prior sigma2 ~ igamma(shape = 3/10, scale = 10/3);

model general(0);

Posterior Density Plots

T T
-40:00 -2000 0 2000 4000 -4000 -2000 0 2000 4000

sigma2

T
0 2.5E13 3E13 7.5E13 1E14
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Simple Linear Regression cont.

*Run Analysis; : B

PROC MCMC data=class outpost=classout nmc=50000 thin=5 ;0

seed=246810; S
parms betaO O betal 0;
parms sigma2 1; N

prior beta0 betal ~ normal(mean =0, var = 1e6);
prior sigma2 ~ igamma(shape = 3/10, scale = 10/3);
mu = beta0 + betal*height; Pomom o wowomamaww
model weight ~ normal(mu, var = sigma2);

=
@
2
]
2
7
3
i

Autocorrelation

Diagnostics for betat Diagnostics for sigma2
Posterior Summaries and Intervals : .
Standard g g
Parameter N Mean Deviation 95% HPD Interval z "
beta0 10000 -142.7 33.7973 -210.0 -77.5370 " - — e — e 0 — —
beta1 10000 3.8937 0.5400 2.7957 4.9106 i, et y eaton
sigma2 10000 137.6 51.2936 59.7617 236.5 | u.s| ; g o ;
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Simple Linear Regression cont.

*Plot Results;

PROC SGPLOT data=Class noautolegend; 140
scatter x=height y=weight;

lineparm x=0 y=-142.7 slope=3.89/
lineattrs=(thickness=2);

120
yaxis min=50 max=150;
Xaxis min=45 max=75;

{
He<©®

100

Weight

80

60 -
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Mixed-Effects Mode: Can we predict height by gender, while blocking for family? [12]
*Get data; Obs| family height gender
. 1 1 67 1
DATA heights; 5 3 56 1
input family g5 height @ @; 3 1 64 1
datalines; 4 1 71 0
1F67 1F66 1F64 1M71 1M72 2F63 d 1 72 0
2F63 2F67 2M69 2M68 2M70 3F63 j ; 22 1
3M64 4F67 4F66 4M67 4M67 4M69 - & 1
; 9 2 69 0
DATA input; 10 2 68 0
set heights; 11 2 70 0
: - .. 12 3 63 1
if g eq 'F' then gender = 1; 13 3 64 0
else gender = 0; o 4 o7 ]
drop g; 15 4 66 1
PROC PRINT data=input; 16 4 67 0
17 4 67 0
18 4 69 0
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Mixed-Effects Mode cont.
*View priors;
PROC MCMC data=a stats=none diag=none nmc=10000
outpost=gout
plO ts=densi ty see d=1; Posteri:: Density Plots . P:as:n:;:r Density Plots —
array gammal4];
parms b0 0 b1l 0 gamma: O;
parmss21;
parms s2g 1; o e - ‘LL - - ﬂL -
prior b: ~ normal(0, var = 10000); ?
prior gamma: ~ normal(0, var = s2g);
prior s2: ~ igamma(0.001, scale = 1000);
model general(0); JL L L
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Mixed-Effects Mode cont.
*Run Analysis;
PROC MCMC data=input outpost=postout thin=10 nmc=50000 Posterior Summaries and Intervals
seed=7893 monitor=(b0 b1l); Standard
arra amma[4]. Parameter N Mean | Deviation 95% HPD Interval
yg ’ b0 5000  64.9363 19.8441 24.2318 103.9
parms b0 0 b1 0 gamma: 0; b1 5000  -3.3589 6.3557  -15.8245 9.8508
parmss2 1 ;
pa rms Szg 1; . Diagnostics for b0 . Diagnostics for b1
prior b: ~ normal(0, var = 10000); 0
prior gamma: ~ normal(0, var = s2g); : "
prior s2: ~ igamma(0.001, scale = 1000); -
mu — bo + bl * gender + gamma[family]; ] 10000 20000 _— 30000 40000 50000 ] 10000 20000 et 30000 40000 50000
model height ~ normal(mu, var = s2); A i
*Plot Results; g o .
* N/A; e 0 10 20 30 40 50 -50 0 50 100 150 e 0 10 20 30 40 50 -20
Lag b0 Lag
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Logistic Regression: can beetle death (y vs. n) be predicted by contaminant (x)? [13]

*Get data; gbs J y X
DATA beetles; ; 2 2 §§;
inputny x @@; 3 5 2 329
datalines; = / 7| S04

5 6 0 283

6 0257 82359 52329 77504 60 283 A : > 323
72323 51332 83409 60365 61 365 7 5 1 332
66496 6 3398 64436 61341 71374 : 2 2 gg-z

8 2352 66513 53425 70313 32406 10 5 T 385

; 11 6 6 496

PROC PRINT data=beetles; 12 6 3] 398
13 6 4 436

14 6 1 34.1

15 7 1 374

16 8 2 352

17 6 6 513

18 5 3 425

19 7 0 313

20 3 2 406
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Step-by-step Example 2.3 _ &
Logistic Regression cont.
*View priors;
PROC MCMC data=a stats=none diag=none nmc=10000 Posterior Density Plots

OUtpOStngUt alpha beta

plots=density seed=1;

parms (alpha beta) O;

prior alpha beta ~ normal(0, var = 10000);
model general(0);
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Logistic Regression cont.
*Run Analysis;
PROC MCMC data=beetles ntu=1000 nmc=20000 nthin=2
propcov=quanew Posterior Summaries and Intervals
diag=(mcse ess) outpost=beetleout seed=246810; Standard
arms (aI ha beta) 0: Parameter N Mean Deviation 95% HPD Interval
P , P o alpha 10000  -11.7707 2.0997 -15.8821  -7.6674
prior alpha beta ~ normal(0, var = 10000); beta 10000 02020 00542 01901  0.4027
p = logistic(alpha + beta*x); — —
model y ~ binomial(n,p); E ignostes for aipha iagnostics for beta
*Plot Results; L.
*N/A; 2

0 3000 10000 15000 20000 0 3000 10000 15000 20000
Iteration Iteration

o o -

o w o
Posterior Density

o o -

o w o
Posterior Density

Autocorrelation
Autocorrelation

02 03 04 05
Lag alpha Lag beta

o
o
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* Modeling priors and parameters can get tricky

e Easy does it, start simple and build from there

* Don’t need to go through the Bayesian complexity for simple things
* More than one way to Bayesian a cat (especially in R)

* More parameters that can be set (ex. thinning, seed, tuning loops)
* Not always easy to visualize the results (more references to do so)

* Make sure to work hard to interpret outcomes

* Strong opinions abound the underlying philosophy [17]
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[14]

Yapi RB, Chammartin F, Hurlimann E, et al. Bayesian risk profiling of soil-transmitted helminth infections and estimates of preventive
chemotherapy for school-aged children in Cote d'lvoire. Parasit Vectors. 2016;9:162. Published 2016 Mar 21. doi:10.1186/s13071-016-1446-0

We modelled soil-transmitted helminth infection risks within a standard Bayesian geostatistical framework and used Markov chain Monte Carlo (MCMC)
simulations algorithms to estimate model parameters [29]. In short, the prevalence of each infection at a given location is modelled on the logit scale as a linear
function of rigorously chosen explanatory variables and a Gaussian spatial process that accounts for residual spatial correlation not otherwise captured by the
covariates.

Table 4 Farameter estimates and validation measures of Bayesian
geostatistical models for hookworm, A lumbricoides and T.
trichiura infection risks in Cote d'lvoire, late 2011/early 2012

Hookworm OR (95 % BCI) A lumbricoides OR (95 % BCI) T. trichiura OR (95 % BCI)
Setting Sail acidity (pH) Rainfall coefficient of variation (CV) 20013327
Rural 1.0 <52 1.0 Median (95 % BCI)
Urban 03 (02, 05)° 52-54 03 (0.1, 09)° Variance 23 (1.0, 5.0)
Median (95 % BCI) 254 0.1 (0.0, 04)° Spatial range (km) 205 (5.9, 805)
Variance 1.1(05,63) Soil moisture 24 (1.4, 407 Model validation measures®
Spatial range (km) 2176 (94.4, 585.7) Median (95 % BCI) Mean error (ME) (%) -02
Model validation measures” Variance 1.5 (06, 3.8) Sum standard deviation (SD) (%) 06
Mean error (ME) (%) 03 Spatial range (km) 75.8 (63, 429.2) “Significant based on 95 % BC|
Sum standard deviation (SD) (3) 22 Model validation measure<® PAssessed by fitting the model on a subsample of the data (80 %)
Mean error (ME) (%) =21
Sum standard deviation (SD) (%) 1.0
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[15]

Real World Examples @

Zhao L, Morgan MA, Parsels LA, Maybaum J, Lawrence TS, Normolle D. Bayesian hierarchical changepoint methods in modeling the tumor
growth profiles in xenograft experiments. Clin Cancer Res. 2011;17(5):1057-1064. doi:10.1158/1078-0432.CCR-10-1935

A Bayesian hierarchical changepoint (BHC) method was used to model logarithmically transformed tumor volumes. Each tumor was assumed to have a
growth profile, represented by a pre-nadir regression rate, a regression period, a nadir volume, and a post-nadir regrowth rate. Confidence intervals were

calculated to compare these features between different treatments. We used data from a study assessing the effects of radiation, gemcitabine, and a Chk1/2

inhibitor on MiaPaCa-2 xenografts.

mosdel
# likelihood
for { 1in 1:MN) |
vl = dnormmu| 1], taupl{t.cen|l]}
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Figure 1. Estimated individual tumor growth profiles for 6 tumors

The observed growth profile (squares) of six selected tumors, with estimated tumor-specific
profiles (solid line) from the BHC model; areas shaded with 45 degree lines represent the
measurements that are below the limit of quantification. The y axis is the log, tumor
volume; the x axis is the days after the start of treatment.
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[16]

Lu ZH, Chow SM, Loken E. A comparison of Bayesian and frequentist model selection methods for factor analysis models. Psychol
Methods. 2017;22(2):361-381. doi:10.1037/met0000145

We compare the performances of well-known frequentist model fit indices (MFIs) | o () bmng=o1 (@ oating=02 (@ hotng=03 5:? X
and several Bayesian model selection criteria (MCC) as tools for cross-loading 3 W 5 = I /i
selection in factor analysis under low to moderate sample sizes, cross-loading | ] = ol o
sizes, and possible violations of distributional assumptions. The Bayesian criteria I i
considered include the Bayes factor (BF), Bayesian Information Criterion (BIC), Els?
Deviance Information Criterion (DIC), a Bayesian leave-one-out approach with
Pareto smoothed importance sampling (LOO-PSIS), and a Bayesian variable
selection method using the spike-and-slab prior (SSP; Lu, Chow, & Loken, 2016).
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Summary ana Conc\usionﬁ NOHRHEAG A

* Bayesian analysis takes in prior beliefs (hypothesis) and evidence
(data) to generate posterior beliefs (probability)

* The detailed method of running analysis is defining priors and
parameters to construct a likelihood model

e Standard inference and diagnostic output include trace plots,
autocorrelation lag plots, and probability density functions

* Things get complicated quickly, but there are great depths to
explore [18-20]
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